An expression for the dynamical spin susceptibility is obtained for liquid He3 by way of a microscopic argument. The standard RP A treatment of the spin exchange interaction, combined with a moment expansion for the nuclear dipole-dipole interaction, is shown to give a simple method of calculation. The present theory does not depend on the detailed nature of the system under consideration. It manifestly exhibits the general relation between the moment and the NMR line 'shift, thereby justifying the sum-rule argument of Leggett, as does the recent semi-phenomenological theory of Leggett. When specialized to the superfluid state, the present theory extends the recent results of Maki and Ebisawa to arbitrary types of pairing. A comment is added on possible paramagnon effects. § I. Introduction Following the pioneering work by the Cornell group/>~sJ vanous experimental data have been published on the properties of liquid He 3 at ultra-low temperatures. 4 J~lo) In conjunction with the theoretical developments, 11 >~2 2 l these make it by now almost certain that the long predicted 23 J~S!J superfluid phase has now been attained. The NMR experimene>,sJ has so far proved to be one of the most fruitful means to investigate the detailed structure of the superfluid state. The first theoretical contribution was made by Leggett. 13 > He proposed the crucial idea that the spin-orbit symmetry of the system is broken. Guided by a sum rule argument, he was able to estimate the NMR shift in agreement with experiment. The subsequent macroscopic considerations due to Anderson 16 > have suggested how the superfluid may behave in a magnetic field.
Following the pioneering work by the Cornell group/>~sJ vanous experimental data have been published on the properties of liquid He 3 at ultra-low temperatures. 4 J~lo) In conjunction with the theoretical developments, 11 >~2 2 l these make it by now almost certain that the long predicted 23 J~S!J superfluid phase has now been attained. The NMR experimene>,sJ has so far proved to be one of the most fruitful means to investigate the detailed structure of the superfluid state. The first theoretical contribution was made by Leggett. 13 > He proposed the crucial idea that the spin-orbit symmetry of the system is broken. Guided by a sum rule argument, he was able to estimate the NMR shift in agreement with experiment. The subsequent macroscopic considerations due to Anderson 16 > have suggested how the superfluid may behave in a magnetic field.
In his sum rule argument, however, Leggett assumed that the dynamical spin susceptibility has a single pole, as observed experimentally. Therefore the theory is not self-contained, before one sees how the assumption may be justified or modified. Recently this task has been taken up by Leggett himsel£ 20 > and also by Maki and Ebisawa. 21 > The latter authors pointed out that the spin exchange interaction is all-important to guarantee the appearance of the resonance poles. The point is also essential, though implicit, in the work of the former author. In this note, we borrow this idea and use a moment expansion method to present a simple way of calculating the dynamical spin susceptibility. In contrast to. the works of the above authors, no assumption about the specific nature of the system is necessary. Except for the R.P.A. used below, we do without any such semi-phenomenological assumptions as introduced by Leggett. 20 > Our result for the transverse NMR shift agrees with those of the above-mentioned authors. § 2. General formulae for susceptibilities
We use the same model Hamiltonian as studied by Maki and Ebisawa:
where !}{0 contains both the kinetic energy and the paumg energy, !}{d is the nuclear dipole-dipole interaction, !}{', is the Zeeman energy, and !}{1 is the effective spin exchange interaction which is operative in the particle-hole channel. As usual the effective exchange interaction is assumed to be short-ranged and ferromagnetic, and its strength is denoted by I.
We start by constructing a rigorous expression for the dynamical spin susceptibility, which is convenient for the subsequent considerations. The dynamical
where r is the gyromagnetic ratio of the free He 3 nucleus, ItS IS the total spin of the system, fJ. and v denote either (x, y, z) or ( +, 0, -) ,*> q= (w, q), and w is supposed to have an infin~tesimal positive imaginary part. We also define the density response function:
where a and fi denote ( +, -), **> and na is the particle number for spin ta.
Let us express x,,. and X~P in terms of the irreducible parts which are defined to be irreducible with respect to the exchange interaction vertices shown in Fig. 1 . The definition of the irreducible parts is given graphically in Fig. 2 , where T and J are irreducible with respect to the type (a) and to the type (b) vertex, respectively, while T 0 , J 0 and K 0 are irreducible with respect to both types of vertices. By a straightforward summation of the formal series, we obtain (for any matrix A, we define A~p=A-a,e)
Xa.e q -r 
where the 2 X 2 matrices T and J are given by
In order to proceed further, we confine ourselves to R.P.A. Then the irreducible parts can be regarded as the susceptibilities defined for the system with-
should be replaced by
where X 0 ( =x~. (0)) is the static susceptibility m the absence of !JC1• This procedure, which was also adopted by Maki and Ebisawa, takes care of the Hartree-Fock self-energy due to the exchange interaction (Appendix A). The self-energy should be included in the single particle propagator; the inclusion guarantees the consistency of the theory. In particular the rotation invariance of the exchange interaction is preserved; the in variance is crucial for the present problem (Appendix C). Now the above treatment reduces to nothing but the straightforward generalization of R.P.A. for the normal state 88 l to an arbitrary state. 84 l The derived expressions are simplified enormously in some special cases. For superfluids, in the static limit (w=O), if either JqJ «:..kF or T=Tc, then they reduce to the form used by Anderson and Brinkman. 18 l The form for q = 0 agrees with that obtained by Leggett long ago. 35 l Simplification is also achieved by limiting ourselves to a specific type of pairing. In the case of interest here, namely q = 0 but w~O, we shall find ourselves in another fortunate situation. § 3.
Moment expansion
We are interested in locating the resonance poles. It is seen from the above formulae that we can find the poles and residues (possibly also widths) by expanding r in terms of moments. 36 where A (T) is a relevant order parameter which makes (3-{11) non-vanishing.
We have measured wo/r in units of 1 KG. We confine ourselves to a "high field" region, where the expansion parameters are small. Then the expansion may be truncated; only those terms which are of first order in 3-{11 should be retained.
Noting that T~a and K~p are already of first order in 3-{11 (Appendix B), we get
where T~p 1s given by (Appendix B)
a .e .::..,..
In the absence of 3-C11, we find 
The last term vanishes, because for any operator 0 we have ( [ 0, JC]) = 0. Since we neglect those terms which are of second order in !J{d, we get
This simple recurrence relation immediately gives
In this manner, the following expression is obtained:
where (3 ·11) Therefore our final formulae for the susceptibilities are
We see that the transverse resonance poles appear near o/~()) 0 2 and (J) 2~S Jt
The latter pole, however, has a negligible residue (of second order in sed).
Near the former pole, we have Xxx((J))l:::::::-
. Discussion of the results
So far the present theory does not depend on the detailed properties of the system under consideration, except that it should be in a paramagnetic phase (i.e., <S±) = 0). In fact, seo may be any Hamiltonian that is independent of spin and !}{~ may be an arbitrary perturbation which does not conserve the total magnetization. In order to obtain a finite NMR shift, however, the expectation value M should be non-vanishing. It is here that the essential physical idea due to Leggett, namely "broken spin-orbit symmetry", 20 )' 49 ) should be invoked. Following him, we assume that the broken symmetry is caused by the Bose-Einstein condensation of the Cooper pairs in the presence of the very weak dipole interaction. In addition, we may me·et with another kind of broken symmetry. But the symmetry-breaking fields do not appear explicitly in our calculation, because they are assumed infinitesimal.
Our expressions (3 ·10) and (3 ·17) are identical to first order in sed with those of Maki and Ebisawa, if we f~rmally identify M with their 2 (1-l) A.d 2 • Also the original sum rule argument of Leggett is essentially justified. The only difference is that the shift is determined by the symmetrized factor Mxx + Myy rather than by Mxx or Mvv alone. Thus, as far as the NMR shift is concerned, our result agrees also with that of Leggett's semi-phenomenological treatment; 20 l we believe that the physical picture given there is correct.
As to the longitudinal resonance, a parallel treatment would give
The characteristic frequency in this case is ()) 2 "-'M... Therefore the expansion parameter is not given by that of Eq. (3 ·1), and we cannot neglect those terms which are apparently of higher order in 3i~. 21 l At present our theory is unable to treat this case. For the same reason, our theory loses its validity when ()) 2 ,
2 <M, and we cannot say anything definite about the very low field resonance. § 5. Comments on M".
In order to establish a definite correspondence between our result and that of Maki and Ebisawa, we must explicitly calculate M. The quantity M has been extensively studied by Leggettl 3 l' 20 l and Seiden. 14 l In the following we shall quote some convenient expressions which have not been given explicitly (see also Appendix D). Let us define
where n is a unit vector. Then M is expressed as
If we assume the validity of the weak coupling theory and the unitarity ansatz 31 l (in case the weak coupling theory is not correct/ 9 l the following formulae need appropriate modifications), then we get
(r=r/r, k=k/k) since the normal terms vanish. Assuming !-wave pairing, and making use of the approximate relation
together with the gap equation in the form 
where g1 is the l-wave coupling· constant connected with the paumg interaction Expanding the right-hand side of the above inequality m powers of r;, and using the relation It has been pointed out by Nakajima 17 l and by Anderson and Brinkman 18 l that paramagnon effects 39 l are important in determining the effective pairing interaction. These effects can be incorporated into our theory by replacing g1 by g~, which takes care of the paramagnon-mediated interaction. At the same time the single-particle self-energy due to paramagnons should be considered. Near T 0 the net effect is that we may put Tc=Tcobserved in Eq. (5·10), except for a reduction of the cutoff energy co by the mass enhancement factor. This reduction is not important, because the value of co itself is rather ambiguous. Away from Tc, the effective interaction is modulated by Cooper pairs. In general g1 IS different for each component of the gap, and Eqs. (5 · 6), (5 · 7) and (5 ·10) have to be suitably modified.
In the following, we point out that another paramagnon effect exists, which IS rather important for the present problem. We note that the quantity m"" defined by Eq. (5 · 3) can be written as
If we decouple X""' we get (6·2) where 9! is Gorkov's anomalous Green's function. 31 l' 46 l This is the factor studied in Eqs. (5 · 4) ~ (5 ·10). If we take into account the paramagnon correction to X""' then to lowest order in 9!, we get
where XN° is the susceptibility in the normal state. This modification may be interpreted as the renormalization of the dipolar vertex due to paramagnons. (In the case of a spin-independent interaction, the corresponding renormalization factor would be (1 + 2IXNP) -2 , which is non-singular.) This effect can also be treated in our formalism; we have only to use an effective dipole interaction, which now takes the form of a retarded interaction. Assuming the weak coupl- 
it is immediately observed that T2a and K2" are of 0 (SCa).
we have assumed that the system is paramagnetic.
In the above equality, 
The situation is analogous to the discussion of the Gauge invariance the BCS superconductivity. 41 l' 43 )~4 5 l Because of Eq. (C · 2), one 1s following Ward Identity for the spin vertex r:I": 
where nil= (0, 0, n,), n .L = (nx, ny, 0). Similarly the expectation value of the dipole interaction energy is given by (near Tc)
where (D·8)
The operator ~ vanishes when applied to a singlet state. Therefore F=D = 0 for a singlet pairing, as expected. Since the properties of the operator 3(~ · nY-~2 are well-known, 49 l D may be easily calculated by expanding the ket J n) in terms of the eigen kets of the total angular momentum of the pair. The above analysis depends solely on the nature of the spin part of the pair wave function. A parallel treatment may be easily carried out at any temperature by replacing fafi(n) by <akaa-kfi>· Finally we also note that the unitarity ansatz of Balian and W erthamer is expressed as <nJ~Jn)=O.
(D·9)
Though we have worked in the momentum space, the contents of this appendix may be understood more directly, by working in the configuration space.
